INTRODUCTION
The problem of determining the thermodynamics of a Heisenberg ferromagnet, as a function of the temperature and the magnetic field, has been rigorously studied in the low temperature regionI -5 T where a series expansion in powers of yc (where To is the Curie Temperature) is valid.
Similarly, at high temperatures the thermodynamic perturbation theory 6-9MX .000used to evaluate the free energy as a power expansion in TC/T. These methods, however, are applicable only far from the transition region and therefore approximate theories, such as the Weiss molecular field ltheory
11-16
and the various cluster theories, have been proposed which give quakitatively good results near and beyond the transition temperature.
The Curie temperatures can also be estimated from these methods. The best estimates, however, are obtained by extrapolating the high temperature results to the transition region.6-9
All these methods suffer from the drawback that their applicability is limited to a particular range of temperatures.
Recently the technique of double time-temperature dependent Green functions17-22 has been successfully applied to the ferromagnetic problem. The virtue of this method is that it provides the temperature and the magnetic field dependence of the magnetization over the entire temperature range with reasonable accuracy.
Furthermore, the Curie temperatures provided by this theory seem to be in.close agreement with the best estimates to date (compare references 8 and 21). However these approximate Green function -2-theories suffer from the weakness that they lack a detailed agreement with the exact low temperature and the high temperature expansions. For example, the low temperature result for the magneti- In a recent study of the problem, Wortis5 has shown that the Tc from above, and of the magnetization, as T approaches Tc from below, is investigated. It is found that within the callen and the random 21 phase approximations , the susceptibility Just above the Curie temperature has a formc= const.(l -To/T)-2 whereas the magnetization Just below the Curie temperature approaches zero as (1 -T/Tc)l/2.
The present theory, however, can be set to achieve agreement of with the high temperature series result of Domb and Sykes, i.e k = const.
If this is done we find that Just below the Curie temperature the magnetization, M(T), obeys a relation of the form M(T)
The mathematics of the retarded and advanced-double timetemperature dependent Green functions has been given by Zubarev 1 9 , and by Bonch-Bruevich and Tyablikov 2 0 to whom we refer for details.
We outline here those features of this technique which are relevant to the present work. if a decreases at least as fast as <S > at high temperatures.
Callen's choice of a = <SZ>/2S2 incorporates both these features.
In order to look for an improvement over these approximations,
we proceed as follows. Rather than decoupli Green functions zcS(t) S+(t); C~n)(t,»an s()S(tt'aaeliw notice that in equation (3.5) the relevant expression, p(n), to be decoupled is a function of the difference of these Green functions, i.e.
0%11. In the R.P.A. the function F(n) takes the following simple form21
In view of the fact that the R.P.A. constitutes a reasonable first approximation, we propose to investigate a decoupling scheme of the form: 
Here we have used the notation
It is clear that in a simple mass operatorjapproximation, the correction A(n) will be of the form:
where E(n)(E), in general, would be complex and would not involve terms proportional to the inverse of (n)(,). Recently, Wortis 5 has carried out a careful diagrammatic study of the structure of the Green function approximations in the context of thermodynamic perturbation theory relevant to the low temperatures. He observes that the Green function pertaining to the spin problems does not, in general, have the structure common to Green functions for normal particle systems and consequently, the mass operator -the generalized analogue of (n) (E) defined in (3.22) -has an anomalous structure unique to the spin systems. In fact, Wortis notes that whereas in the case of the normal particle systems the mass operator will also be a discontinuous function of (twt'). The first term on the r.h.s. of equation (3.24) already incorporates this discontinuity because of the presence of the Green function G(n). A delta function dependence would therefore seem to suggest itself for the remaining
where Y(T) is an arbitrary function of the temperature T, R(g-l) is a suitable function of the vector g-• and the temperature. Here Q(n) has been introduced for convenience in later calculations and is the same as in (3.6). Equations (3.25), (3.10) and (3.8),.
contain the essentials of the form of the basic approximation of our theory. Introducing these into the equation of motion (3.5) and carrying out the Fourier transformations described in (3.12) -(3.17) we finally get:
3 (3.26) (compare, equation (3.18) .
In view of the fact that the Fourier transform of the Green function, G(n)(E), has poles at E -+ N(E), we may recognize 
THE LOW TEMPERATURE REGION
In this section we analyze the results appropriate to tern, peratures low compared to the Curie temperature.
At these temperatures the magnetization is close to the saturation value and the average <A is little different from S.
The function • therefore is small compared with unity and equation Therefore an iteration process has to be used. We first calculate <L, and the integral over k' in equation (3.42), in the R.P.A.
The second iteration is obtained by introducing these results into z the expression for Ekand then recalculating <S> and the integral -! IITt1
At low temperatures, this iteration process converges very fast and it turns out that no further iteration is necessary beyond the first iteration cycle because the terms not included in the first cycle contribute in a higher order in the ratio (T/Tc) than the ones retained.
The results for the spin wave energies, Ek, and the magnetization M(T) are found to be as follows: This equality is satisfied by (4.13) whereas the usual spin wave result, comprising only the first term on the r.h.s. of (4.13),
does not satisfy it.
THE HIGH TEMPERATURE REGION
In this section we consider the high temperature expansions for the susceptibility and the magnetic specific heat.
In the presence of a small magnetic field B, the magnetization, M(T) t is small and is proportional to B. In the limit and F(r) is as in (5.13).
The sums F(r) depend only on the crystal structure and can be calculated easily for r>O. (see Appendix A.) The quantity is proportional to the zero field susceptibility for which the exact expansion is known. A.
• -9 /a ,te S+I,, ., ii.)~~~.I~Sc, (5.23)
As long as the exact results for the susceptibility and the magnetic specific heat are available for comparison, the fore-going procedure can be used to determine X(T) and y'(T), and thus the dynamical spin correlation functions, to any order in 1/Y. .j.
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where +I, S +SP We find, empirically, that an extremely good fit of the results following from (6.9) with those known from references 8 and 9 oan be obtained (refer Tables I, II, III) The quantity(8(BT) can easily be calculated from eqns. (6.11) and (6.14) and the results are listed in Tables IV, V , and VI.
We notice that these results are in good agreement with those available from reference 9 and are a considerable improvement on those following from the R.P.A. where C is proportional to the zero field susceptibility X; (6.17) Introducing (6.17) into (6.1S), expanding • , and proceeding to the limit E0 o we get:
.~. + &51 PrT (A.1)
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where, since the Jacobian is unity for the above transformation, we use the following •scription for changing sums into integrals:
The sums F(r) of equation (S13) are now elementary. The inverse lattice summation in (B-i) can be approximately performed as follows.
As the susceptibility X is largeV 4j2 is small compared with unity. The dominant contribution to the summation therefore comes from small values of k.
As a rough approximation we may therefore extend the integration limits to the whole of the k-space and also use the long wave length approximation for J(o,k), 
